Active Learning Data Selection for Adaptive Online
Structural Damage Estimation
Debejyo Chakraborty† , Narayan Kovvali† , Antonia Papandreou-Suppappola† ,
and Aditi Chattopadhyay‡
† School

‡ School

of Electrical, Computer & Energy Engineering
of Mechanical, Aerospace, Chemical & Materials Engineering
Arizona State University, Tempe, AZ 85287
ABSTRACT

Adaptive learning techniques have recently been considered for structural health monitoring applications due
to their ﬂexibility and eﬀectiveness in addressing real-world challenges such as variability in the monitoring of
environmental and operating conditions. In this paper, an active learning data selection procedure is proposed
that adaptively selects the most informative measurements to include, from multiple available measurements, in
estimating structural damage. This is important, since not all the measurements may provide useful information
and could reduce performance when processed. Within the adaptive learning framework, the data selection
problem is formulated to choose those measurements which are most representative of the diversity within a
damage state. This is achieved by extracting time-frequency analysis based statistical similarity features from
the measurements, and selecting uniformly distributed subsets to build representative reference sets. The utility
of the proposed method is demonstrated by improvements in adaptive learning performance for the estimation
of fatigue damage in an aluminum compact tension sample.
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1. INTRODUCTION
Several structural health monitoring (SHM) techniques are lately being developed using advanced material
studies, signal processing and statistical methods.1–4 However, they do not address variability in operating
condition like changes in loading, in the environment like temperature or pressure, or in the material composition
which aﬀect the system health.
Adaptive learning techniques5–7 are state-of-the-art methods that are attractive due to their ﬂexibility and
eﬀectiveness in real-world learning scenarios. We have recently considered8 these methods in SHM2 applications
where variability in environmental and operating conditions is a big challenge. In our proposed adaptive learning
methodology in,8 we adopted a state-space formulation that describes the evolution of damage state by a Markov
relationship that accounts for variability in the environment or the structure itself. The observations in the
formulation are composed of clusters identiﬁed adaptively using Dirichlet process (DP) mixture models9, 10 of
time-frequency (TF)11 features that are extracted from the sensor measurements. Once the formulation is
established, Bayesian ﬁltering12 can be used to estimate the progressive damage.
The block diagram of our adaptive learning based damage state estimation method in8 is shown in Figure 1.
The extraction of a reference time-frequency representation (TFR) subset from the adaptive clustering results is
shown to only use the data from the most recent epoch, and as such may not be representative of the variability
in the data. This approach does not exploit the fact that an optimal choice of the data is expected to yield
maximum damage information.
Active data selection is a powerful approach for intelligently selecting the most informative measurements,
and has found application in various ﬁelds of engineering.13–16 In the context of the adaptive learning SHM
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Figure 1. Block diagram of the adaptive learning based damage state estimation method.8

framework, active data selection provides a mechanism to address the variability inherent in the measurements.
For example, it is possible that some of the measurements came from the defective sensors or that not all the
measurements considered demonstrate a large spread in diversity for the given damage state.
In this paper, we propose an active learning data selection scheme that automatically selects the measurements which are most representative of the diversity within a damage state. TF analysis based statistical
similarity features are ﬁrst extracted from the measurements using the matching pursuit decomposition (MPD)
algorithm.17 MPD based TF features have been shown4, 18–22 to provide highly localized characteristics of the
time-varying spectral nature of damage wave-physics. Here, we condense the TF information contained in the
measurements into scalar statistical similarity features. Active data selection is then used to design the reference
sets in the adaptive learning SHM framework. In particular, uniformly distributed samples are selected from the
available data by optimizing a discrepancy uniformity measure.23, 24 We demonstrate the proposed method by
improvements in adaptive learning performance for the estimation of fatigue damage in an aluminum compact
tension sample.
The remainder of this paper is organized as follows. In Section 2, we introduce the theoretical framework of
the proposed feature extraction and data selection method. Section 3 presents an application of the proposed
method to the adaptive learning used in fatigue damage estimation.

2. THEORETICAL DEVELOPMENT OF DATA SELECTION ALGORITHM
In this section, we brieﬂy describe the theoretical framework of the proposed feature extraction and data selection
method. More details can be found in the literature.11, 17, 23–26

2.1 Measurement Probability Density Function
Considering the adaptive learning based damage state estimation method in Figure 1, we ﬁrst develop diﬀerent
probabilistic models for the time-frequency features extracted from the sensor measurements of diﬀerent damage
states using the matching pursuit decomposition (MPD) algorithm. The MPD17 is an iterative method for
representing a signal by a linear combination of basis functions chosen from a redundant dictionary. Speciﬁcally,
a signal s(t) ∈ L2 (R) is approximated as
N
−1

s(t) ≈
αn gn (t),
(1)
n=0
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where the functions gn (t) are chosen iteratively from a dictionary. The expansion coeﬃcients αn are projections
of s(t) on to gn (t). The accuracy of the approximation improves with increasing basis functions N .
A popular choice of dictionary functions is provided by the Gaussian which have the important property
of achieving maximum time-frequency localization.11 For an MPD with Gaussian dictionary, the dictionary
elements are given by the Gaussian function
g

(d)


(t) =

2κr
π

 14



exp −κr (t − τm )2 exp(j2πνl t),

(2)

where d = {τm , νl , κr }, τm is the mth time shift, νl is the lth frequency shift, κr is the rth scale change, and the
range values of m, l, and r are such that the TF plane spans the maximum TF support of the analysis signals.
The Wigner distribution (WD) of the transformed Gaussian dictionary element can be computed is closed form11
as




2π 2 (f − νl )2
2
WDg(d) (t, f ) = 2 exp −2κr (t − τm ) exp −
.
(3)
κr
The MPD time-frequency representation (MPD-TFR)17 of the signal s(t) in (1) is
Es (t, f ) =

N
−1


|αn |2 WDgn (t, f ).

(4)

n=0

We emphasize that, at the nth iteration, the MPD chooses the Gaussian function gn (t) with corresponding
transformation parameter features (τn , νn , κn ) whose WD is the two-dimensional (2-D) Gaussian function in
Equation (3). The2-D Gaussian
function WD can

 be1 interpreted
 as a 2-D Gaussian probability density function
0
τn
with mean vector
and covariance matrix 4κn κn . Thus, we will use the 2-D Gaussian probability
νn
0
4π 2
density function interpretation for the stochastic measurement model. We deﬁne the MPD based probability
density function (MPD-PDF) for the measurement s(t) as
Ps (t, f ) 

where Z =

N
−1


1
|Es (t, f )| ,
Z

(5)

|αn |2 is the normalizing constant. For a dictionary of Gaussian functions, the MPD-PDF assumes

n=0

the form of a Gaussian mixture model (GMM) deﬁned as
Ps (t, f ) =


 
N −1
1 
τn
|αn |2 N
,
νn
Z n=0

1
4κn

0

0
κn
4π 2


,

(6)

where N (·, ·) is a Gaussian distribution with a mean and a covariance.
The MPD-PDF maps signals to two-dimensional (time-frequency) probability density functions and provides
a versatile tool for computing statistical similarity measures between sensor measurements.

2.2 Statistical Similarity Measures and Signal Classification
The statistical similarity of two PDFs can be quantiﬁed by well known measures such as Kullback-Leibler
divergence (KLD),25, 27, 28 Bhattacharyya distance,29, 30 and Hellinger distance.31 Among these, the most popular
is the KLD deﬁned for PDFs p(t, f ) and q(t, f ) as∗
DKL (p||q) 
∗

p(t, f ) log

p(t, f )
dt df.
q(t, f )

Unless otherwise stated, limits of integration ranges from −∞ to +∞ throughout the paper.
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(7)

Note that DKL (p||q) ≥ 0, with equality if and only if p(t, f ) = q(t, f ). However, this distance is non-symmetric,
i.e., DKL (p||q) = DKL (q||p), and its computation involves evaluating logarithms, which is expensive. In,8 a
correlation based distance
p(t, f ) q(t, f ) dt df
(8)
Dcorr (p||q) 
is considered which satisﬁes Dcorr (p||q) ≥ 0. The distance measure can be shown to be maximum when p(t, f ) = q(t, f )
and minimum when the two densities are orthogonal. This distance is also symmetric and can be computed efﬁciently using Monte Carlo integration as described next.
Let {tl , fl }L
l=1 ∼ p(t, f ) denote independent and identically distributed (i.i.d.) samples drawn from p(t, f ).
Then, the distance Dcorr (p||q) in (8) can be approximated32 by
D̂

corr

1
q(tl , fl ),
L
L

(p||q) =

(9)

l=1

with the accuracy of the approximation increasing with the number of samples L.
The statistical similarity measures can be used as features for signal classiﬁcation. Speciﬁcally, given two
signals s1 (t) and s2 (t), we can investigate their similarity by ﬁrst computing the respective MPD-PDFs, Ps1 (t, f )
and Ps2 (t, f ) using Equation (6), and then evaluating, for example, Dcorr (Ps1 ||Ps2 ). Similarly, if we wish to
ref
ﬁnd the similarity between a given test signal stest (t) and a set of Reference signals {sref
1 (t), . . . , sR (t)}, we can
evaluate
R
1  corr
Davg =
D (Pstest ||Psref
) = Dcorr (Pstest ||Psref ),
(10)
r
R r=1
1
where Psref (t, f ) = R
(t, f ) is the average MPD-PDF for the reference set. The PDF Psref (t, f ) collects
r=1 Psref
r
the statistical variability in the reference set, and is a GMM in the Gaussian dictionary framework described in
Section 2.1.
R

In the classical training-testing based classiﬁcation approach, multiple signals are measured to ensure that the
statistical variability in the reference class is captured. However, most classiﬁcation problems stand to beneﬁt
from judicious choice of the reference set. In particular, sets with statistical diversity are preferred.

2.3 Uniform Data Selection
The goal of uniform data selection is to choose a subset of uniformly distributed points from a given sample
set. Figure 2 shows a simulated example from a data set comprising samples from a Gaussian distribution. The
samples selected in Figure 2(a) are clustered near the mean of the Gaussian distribution (non-uniform) whereas
those in Figure 2(b) are distributed more uniformly over the data space and are therefore more representative
of the entire data space.
The notion of uniformity can be quantiﬁed by the discrepancy23 DM (y) deﬁned for a set of points y = {y1 , . . . , yM }
with respect to an interval [y min , y max ] as
DM (y) 

sup
y min ≤y l ≤y h ≤y max

y ∩ [y l , y h ]
yh − yl
− max
,
M
y
− y min

(11)

where [y l , y h ] deﬁnes any subinterval of [y min , y max ] and y ∩ [y l , y h ] represents the cardinality of y in [y l , y h ].
The set y is said to be uniformly distributed on the interval [y min , y max ] if limM→∞ DM (y) = 0.23, 24 For a
given set of points y = {y1 , . . . , yM } in [y min , y max ], the discrepancy DM (y) can be used as a measure of nonuniformity. In particular, the discrepancy is observed to be minimum for a perfectly uniform y in [y min , y max ].
In the example shown in Figure 2, the discrepancy of the selected samples is greater in Figure 2(a) than it is in
Figure 2(b).
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Figure 2. A comparison of non-uniform vs. uniform data selection.

The uniform data selection method proposed in this paper is based on the discrepancy of the sensor measurements. Speciﬁcally, we deﬁne an indicator vector z = {z1 , . . . , zM } to indicate the samples selected from the
measurement y:
1, if yi is selected
zi =
, i = 1, . . . , M.
0, otherwise
Let K be the number of samples desired in the selected measurements subset yzsel . The uniform data selection
problem can now be stated formally as: given a data set comprising of M points y = {y1 , . . . , yM } in the interval
[y min , y max ], ﬁnd a selection z∗ of cardinality K which minimizes the discrepancy DK (yzsel ). The optimum
selection is obtained by solving the problem
minimize
subject to

DK (ysel (z))
zi ∈ {0, 1}, i = 1, . . . , M
z0 = K.

(12)

Here, z0 represents the cardinality of the vector z. The minimization problem in (12) is non-convex and
26
in general very
Direct enumeration is ruled out because the number of possible
 diﬃcult to solve exactly.
which
is
very
large
even
for
relatively small M and K. Evaluating the discrepancy can also
selections is M
K
be computationally expensive, and some of the estimation techniques to compute it include techniques based on
sampling, searching, lower and upper bounds, and convex programming.24, 33–35
In this paper, we propose an approximate and eﬃcient method for uniform data selection by considering the
relaxed minimization problem
minimize D̃K (ysel (z))
(13)
subject to zi ∈ {0, 1}, i = 1, . . . , M
z0 ≈ K,
where the objective function is deﬁned as
D̃M (y) 

J
Δy
1  y ∩ [y min + (h − 1)Δy, y min + hΔy]
− max
,
J
M
y
− y min

(14)

h=1

with Δy = (y max − y min )/J. Here, J denotes the number of equal length partitions in [y max − y min ]. While the
discrepancy in (11) is deﬁned as a supremum over all possible subintervals of [y min , y max ], the objective function
in (14) is deﬁned as an average over the J equal-length subintervals partitioning [y min , y max ]. The constraint of
the minimization problem in (14) on the number of data points to be selected has also been relaxed. As we show
using simulations, the solution of (13) leads to reasonably uniform data selection.
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The problem (13) can be solved eﬃciently by noting that the objective can be minimized term-by-term.
This is achieved by selecting the data such that ysel (z) ∩ [y min + (j − 1)Δy, y min + jΔy] ≈ round (K/J) for
j = 1, . . . , J. Here, round (K/J) gives integer value nearest to K/J. Algorithm 1 contains the pseudocode† for
the solution of (13). The run-time and storage requirements are roughly O(K) and O(M ), respectively.
Algorithm 1 Uniform data selection via solution of problem (13)
z←0
n ← round (K/J)
for j = 1 to J do
I ← {i : yi ∈ [y min + (j − 1)Δy, y min + jΔy]}
m ← |I|
if m ≤ n then
zI ← 1
else
for k = 1 to n do
Draw u ∼ U[0, 1]
w ← u·m
zI(w) ← 1
I ← I\I(w)
m←m−1
end for
end if
end for

3. APPLICATION AND RESULTS
We now present an application of the proposed feature extraction and data selection method for adaptive learning
used in fatigue damage estimation.
Figure 3(a) shows the aluminum 2024 compact tension (CT) sample used in our experiments. The width of
the sample is 25.4 mm. A variable amplitude cyclic load of up to about 45 kilocycles was applied to the sample to
induce fatigue crack damage. The amplitude envelope of the applied load is shown in Figure 3(b). Two surface
mounted piezoelectric (PZT) sensors (placed symmetrically on the sample as shown in Figure 3(a)) were used to
make measurements at several stages of fatigue loading cycles. One PZT was used as the actuator and the other
was used as a sensor to measure the response signals. A 130 kHz burst signal was used for excitation. Further
details of the experimental setup and data collection can be found in.36
After pre-processing the measurements for normalization, MPD was performed on each measurement with
N = 10 iterations and the MPD-TFRs were constructed. The MPD-PDFs were then deﬁned using (5). Figure 4
shows the MPD-TFRs of two signals measured obtained by successive measurements for a crack length of 6.17
mm. From the plots, we see marked diﬀerence in the time-frequency structure of signals from the same damage
state. This example demonstrates the inherent variability present in measurements from a given damage state.
Active data selection provides a mechanism to address this variability. In this work, we incorporate the
proposed uniform data selection algorithm into the adaptive learning framework described in8 (see block diagram
in Figure 1). Speciﬁcally, at any given epoch, we ﬁrst compute the statistical similarity features between the
current measured signals and the reference set (Equation (10)). Adaptive clustering is then performed on these
features and used subsequently for damage estimation (see8 for more details). Finally, the active data selection
is used to update the reference set.
In our simulations, at each epoch, K = 10 (out of M = 30) samples are selected for the reference set. Figure 5
compares the performance of the adaptive clustering at one epoch with and without active data selection. Note
that we obtain similar performance at diﬀerent time epochs. Figure 5(a) shows the data samples (statistical
†

Note that I(w) is used to represent the wth element of set I.
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Figure 4. MPD-TFRs of two signals for a crack length of 6.17 mm.

similarity features), the adaptively learned likelihood, and the randomly selected samples for the reference set.
The corresponding adaptive clustering results are given in Figure 5(b). Figure 5(c) shows the data samples,
the adaptively learned likelihood, and the uniformly selected samples for the reference set. The corresponding
adaptive clustering results are given in Figure 5(d). Given that the data in this example belongs to the same
damage state, good clustering is expected to identify a single cluster. From the plots, we see that this happens
when using uniformly selected data. In the case of randomly selected data, the number of clusters is incorrectly
identiﬁed as two.

4. CONCLUSION
In this paper, we presented an active data selection procedure that is formulated within the adaptive learning
framework to choose measurements representative of the diversity within a damage state. Time-frequency analysis based statistical similarity features are extracted from the measurements, and representative reference sets
are built using uniformly distributed subsets of data. The proposed feature extraction and data selection method
is applied to the adaptive learning used for the estimation of fatigue damage in an aluminum CT sample. Simulations results indicate that the proposed algorithm yields improvements in adaptive clustering performance,
increasing the reliability of the damage identiﬁcation process. The new framework is computationally eﬃcient
and easy to implement.
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